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A plus sign shouldreplacethe m3nus sign of \
the bracket;that is
Fqe 3.9, equat$cm
the fourthterm
(333
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Page 20: Equation(33) shouldread as fol.luws:
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AUWUUZEDSOLUTIOIV EORTIME-DEPENDEl!TVEUH!lX
RYMNIWW Hl!HREE-DIMEESIOMILWIHGSAT
SuPEmmtc SPEEm
. By John C. Evvard
A souroe-distributionmeth~ is appliedto derivea solutionfor
the time-dependentsurfacevelooitypotentialof thin finitewingsat
supersonicspeeds. The solutions illustratedby evaluatingthe
upwashoverthe tip of an arbitrary-plan-boundarywing havinga
supersonicard subsonicleadingedge. The upwashthen givesthe
effectivesouroesof the flowfieldlyingbetweenthe wing plan
boundaryand the foremostMch waves,whiohare appliedin the
derivationof the wing-surfacevelocitypotential. A simpleexample,
the loaddistributionon a wingwhose effectiveangle of attackis .
changinglinearlywith time,is includedto illustratethe appli-
~t~ons of the derivede~essions.
The analysisof the aerodynamiceffeotsin the vicinityof thin
wingsat supersonicspeedsoan be simplifiedto obtainusefulresults
by means of the linearizedtheory. Steady-stateor time-independent
solutionshavebeen obtainedfor enoughoases(forexample,refer-
ences1 to 27) thatthe essentialfeaturesof the loaddistributions
on variouspartsof the wing oanbe determinedby graphioalor
analyticalmeth~. The the-dependentloaddistributionsare more -
difficultto obtain. Suoh problemsinoludethe transienteffects
of gusts,changesin angleof attack,skinvibration,and flutter.
A numberof investigatorshave studiedtwo-dimensionaltime-
dependentflowsoverthinwings.‘TMeseflowsare generallyinoluded
as specialoasesof the theoryof referenoe27. The methodof
reference27 is s~ilar to the steady-statesolutionof referenoe1
and includesthree-dlmeneionalor finitewing solutionsin oases
wherethe aerodynamiceffectsof the bottomand top wing surfaoesare
independent.No solutionsare knownto havebeen publishedfor
oasesinvolvingtiteraotionbetweenthe flowoverthe bottomand
top wing surfaoes.
.
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The conceptsof references9-18 that leadto solutions,
which inoltiethe effectsof i.nlxmotionbetweenthe Imttcm~
top wing safhoes in the steadystate,oan alsobe appliedto
obtaintim-depenbritsolutions.The aOri=ttOn of the aurfkoe
velooltypotentialin re@ns influenosdby aibsonlcleading,
edgeswas mupleted duringJanuary1948at fiheHM!A CleveM
laboratory- is presentedherein.
.
AH4L?51S
In orderto unifythe ais~~sion,
treatmentpresentedin referenoe27 &e repeated. The anslysis
inoltiesthe ilerivatlonsof (1)the time-aepdbnt, linearized
P6rtial-alfferential~wation for the perturbation-velocity
‘ potentialOf an iaOfnfhia, (2)thO
J
fundamentalsolutionthat
W~ satisfythe bounlaryC)otitionson the W~, (3)the wash
betweenthe wing bom&ry ~ the foremostKoh line,aui (4)the
velooitypotentialon the surfaoeof the wing.
Differentialequation.- The linearizedEuler’s~uationa
for a uoqressiblefluidmsy be written
where
v
t
u
‘o
axat”
perturbatia-velooity
time
free-etreamvelooity
free-atreeuna0n6tty
‘$2=’-:2
L2V A*
axaz‘-- P. ag
poteqtial
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P statlopressure
X,y,z Cartesian ooordlnates(freestream~el to x azis)
(A oomplete list of s@bols is inolwledin app~lx A.)
When equations(l)are multipliedby &, dy, - & respett-
tivel,y,added,EU@ integrated,the resultb . )
where g(t) is an lnte~tion constant at ~ giventime.
me linearizedcontinuityequationoan be written
or, beoause the velooityof sound o 3s
equation(3)bemmes
(2)
(3)
(3a)
S~stitutlonof p/p. fi’cmlequation(2) in equation(3)yields
.
where M is the Maoh nmdmr of the free streanand the zerosti-
soripthas been droppedfhom c.
Equation(4) is the re@red linearizedpartial-differential
eqtitionfor the velooitypotential. If Cp is i-* of time,
the Htl-Glauert equationinmwdiatelyresults.
.
.
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The ftanotiong(t) depends on the oofition of the flowahead
of the body. If the flw Is uniformand miiist=bed, g will be
mustant (f&all “equataon (2)) ala equal to +/O.. The *ion &
will be assuredmnatant in the rest of the analysis.
A ox In vemichleswill.mxmert equation(4)to a ~
formof the wave eguati~ The transformationequationsare
X*=X
79= hx.,
Z*= J!.
t~=(l=@) t+* - (5)
Applioatlonof equation(5) in equation(4),with g set eq~ to
a oonatamt,gives
where r~ = v @ + yt2 +-#2,
funotion.
The basio solutionfor the
oorrespxxllngto
. .
-——— --- —-—.=... ---- ,--,__ . ..- ___
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(6)
spherioalwaves
$2 = M2 -1, * f iS an arbitrary
supersonic ease Is obtainedas the
Swn of equations(7). (Seereferenoe27.) If this soltilon1s
transfmmedto a general point in the- x,y,z apaoe, the baelc
solutionof eqwation(4)asstmlesthe form
.974
.
i
! ‘1
i ( + ‘( ‘)-M ‘( ‘)J2-2-) i-2z.42+ f !,?,!Jt - x x- (s) if!o - p%
:1
,
.
where t,q,d t are (krteslan oocuW.u3tes In the x,y, d z dlrsotlons, re
F ively.Beoattsethe opemticms imlloatdlh ~Wtlon (4)are independent of !.Jq,ad , f P
W a fmotion of these varisbles. &temld solutions of qwtion (8)w be obtainedby
Integrsthl with reepeot to ~ of the Vsrlmles g,q, org.
I RX? thin wings, the scmroes of the dlstt&mef3 will Me In the P18m of the wires. whloh
~
my be &flned by-the relation ~ = o. The mlmsm is then to Ibter&e the fwnomn-”f
terms of known or ooqnted wing m stredline defleotione.
Wmrell Souroe Strel@h forthlnwillgs .- Inonter toaharten theeqmMoas, the
i (x-~)2 . @(y-q)2 . p%? w be rephoed by the symbol. r. muation (8)then
I
pea%uvbabion-velooity
I
in
(88)
ol
lI
,
.,
.1
I
0)
(9)
The W* Uot8$es that ~h b pot zao near z .0. ~tablon (9), hmfema?,ahowu that the oon-
trlbmtionof the eomoea to. 21@s la mm eaoeg&for those 6olmoesmear r.O. 5quantit~r
is nsarlyzeroeitherfor quillvahm of Ix-lj),(y-q),and z or for (X4)2 S’@c(y-q)2 + g ].
The aeooml ocaditiongirea a lmmr-cudm mm la the
~tm of eqmstion (9)thanthe flreb ooQ-
Mtion ala aoee not Omltrihrbe to the VelW of ** at the point (X,y,o) m W wing SurfaOa.
Ihar the point (x,y,O) the quantities (x-~) d r are nearly mm. The fuwticm f then
??alWes to a fmotlon of x y, d t. The VeUoity pobdial at point (x)y) due to t&e dbelemembe
Mhe~lolnityof thepolnhnt hen beobtaiadl by~tion of the eoumealnoldd inthefmuaM
Molloaue. Ihomfigur el,theflel do flntegllatiomiehuuleultlythe’ourves ~-gl h
(x-& - Pz(g.q)z - IN = o. The Velootty p3telmtldllo tlmn
FestlalUffemdatim of
. . .
.
. .
equation (lo) with re@sot to s glres
>
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where w is the 100al z oomponentof the perturbationvelooity.
~uation (U) definesthe strengthof the 100alsourcein termsof
the z mzponent of the perturbationveloclty. The faotthat equa.
tion (Xl)is Indeptientof the valueof ~1 is in agreementwith
the statementthat onlythosemibelementsnear the point (x,Y,O)
oontribtrteto the vertioalvelocity ?Xq@z on the wing surfkme.
Physically,this evaluationinfersthat the flow is tangentto the
wing surfhceat eachlmal point.
The time-delaytermsof ~uatlon (8) oan be denoted by Ta @
Tb Wke “
.
(12)’
The velocitypotentialat emy point (x,y) is obtainedby integrating
the sourcesin the z = O planeoverthe area S inoltietlin the
fol’wal?d~ch OOne. By use of equation(n), the velooitypotential
becomes
.
[W(gjll>t-Ta)+w( $T$*- Tb)]XM
(13)
(x-g)2
- P2(Y-n)2- 132Z2‘
Equation(13)was &erivedby Garrickand ~inow in reference27 and
givesthe velocitypotentialat any pointin spacein termsof the
z mnponent of the perturbationvelooityin the z = O plane. The
equationreducesto the steady-statesolutionof Puckett(referenoe1)
when w is independentof time.
A physicalinterpretationmay be givenfor the time de~s Ta
and Tb of equations(12)ana (13). If a ditiurbanceis genented
at point (E,q) at time t = 0, the wave frontfromthatdisturbance.
. . . . .------ .-
.
---- -——- ----, -- ---—---—-- --- - ---y —— -. --—. . . .“- . . . . .______ . .. . . . . . . . . ..-
will travelo~ard as a spherioalwave abouta centerthatmoveswith
the free-streamvelocity. (Thetmwe of the waves on the z = O plane
is illustratedin fig. 2.) The wave froxrtwill enter and azerge fkom
the point (x,y,n) at two latert-s Ta and Tb. The eqhationof
the spherioalwave paththatpassesthroughthe point (x,#jz) is
(x-f-u’r)a+ (y-q)a+za =C2.T2 (14) ‘
The solutionfor T is
‘r.kQ!4* ‘I(X-02 -B%-?I)2 -##
i32c$ 1320
whichgivesequations(12). (Ata givenpoint (x,Y,z), the strengths
of the samewave at the-twot~s Ta and Tb are equaldespitethe
change in the mdius of the wave front.) At a giventime t, onlythe
wave frontsthat me enteringand emergingficmthe point (x$y,z) con-
tributeto the velocitypotential.Thesetwo waves originatedat the
point (~,?,0)at times (t-Ta) and (t-Tb).
The remainderof the analysisis primarilyoonoernedwith the
aer@jnsmicsin the planeof the wing so that z may be set equalto
zero. ~uations (12)- (X5)may alsobe conveniently~essed In
an obliguecoordinatesystemwhoseaxes lie parallelto the Maoh lines.
(Seefig.3.) The transformationequationsare
% = * (X-$y) Vw = * (=PY)
x = g (VW+UJ c Y = : (VW-UJ “ (15)
.
l
Inasmwh as the elementalarea in the (u,v) mcmdlnate systemIs
* ativ, equations (B) aM (12),in the ease of z = O, bemme
~2
e
?
l
. — .
-— — ---~ — ....—.
. . .
IFW(U,V,t-Ta)+w(u,v,t-~b.... .“.q.=._& ‘~s
.
M(Yw-v+~-u) -
T
2q-)
b= ,(17)M@
Equation(16)giveethe velooitypotentialIn the z = O plane
intemms of the perturbation-velooitycomponent w normilto the
plane. If only supersonicleadingedgesm includedinthe forward
*oh
wing
If a
oone from (x,y), w may be waluated in terms of the effeotlve
slopes a measmedlnq=umstant plmes by the relation
l?.u~ (18)
subsonio leading(or”traillng)edge Is also Inoludedin the
forwaraMaoh conefkc’m (X,y), the slopesof the str-llnes X
assoolatedwtth the upwashbetweenthe wing,botdtmy and the foremost
tih wave must be evaluated and lnoluWl In the oaloulation (equa-
tion (16)) for the Ve100itypOtOlltid..
mash betweenwing bomdary ard formost Maoh llne.- The slopes
of the ~s in the region ~ of figure4 oould oonoeivably
be ge~~ted by a thinwing m dia-, as employedin referenoe9.
!i!hefl mmabove~belowthe z=O planeqthenbe~epended&
treated. The velooitypotentialon the top s-co of the z = O
_ is @vm by equations(16)_ (18)as
--- —— .. .. —— .-.. .- _.. ___ ______ ~.—— -.— . . . . . .
——. — ..— .— --—. .-
10
d JB
w
[(Oz u,y,t-Ta)-+aT(u,v,t-Tb
1. . . .
.
u
:![
1)+?@,v,t-Tb).dtiv
.— (19)
% ~’
where ~ and VD are the CO~i13Stt3S of the pointat whloh q is
evaluated, OT representsthe slopesof the streamlineson the top
wing surfhce,and ~ representsthe slopesof the streamlinesin the
field ~ fromthe pointof view of the top wing s~oe. ShllIEWIY,
the potentialon the bottomsurfhceof the z = O plane Is
41-
..
u [ 1A(U,V,t-Ta)+~(u,@-Tb)du&
.— ‘(20)
y-)
‘D
.
The pressure at a giVenpointof tie field Sb (fi& 4) h the
planeof the w- oan be calculatedby stibstitutingeither VT or
qB intoequation(2). The two computationsof the pressureoan I
thenbe equated: ,
(21)
.
. ..-. —- ———.-,—— ,- -- — ----- —.
. .
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I
Egwation(21)has the solution - -
VT =9B + 2H(x-ut,y)
where H is an integrationfunotion. Slibstltutionof
= (20)in (21a)yields
U
(21a)
eqwtione (19)
(b eqmtlon
notatdon la
[(A U$v,t-?’)
+E
(21b)
(21b)and in scmeof the equationeto follow,the
~ 1 (u,vAt-Ta)- ~ a.b lW’110
+ ~tt,v,t+b)~. A Similar&tatIon is applledto “
(22)
Equation(22)representsthe velooi~ potentialin the planeof the
wing for the region ~. Similarly,formulationpf ~ would ohange
Ody the signafflxeato E. The fwlotlon 2H of Cq=tion (21a)
rmz’esentsthe differanoeIn potextialamoss the z s O plane,
mmesponding to the strengthof vortloityin the wake of the wing
(referenoe18). For flat-platewlnge, ~ + U? D O ~ H is
$ustthe potentialon the top surfkoeof the wrtex eheet.
The foremostMaohW’W (f@. 4 co?5) orlgtnatingon the la
edgemnemlly representsa line of infinitesimalW3tdm0e along
whfoh H(x-Ut,y) oan be set equalto z- at all times. The funo-
tion Hrcmmins zeroalong y=oomtant lines for values of x
not interceptedby the wing or a materialbody (region ~ ~ of
fig.5). The reghxl %,2 of figure5 gemrdly Oontainak mn-tex
I
. —. . —. ___ ._. ----- -.
---. — — ——- .. .—— _____
——. .-— -—. - .-.. —-—. . --
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sheetlyingin the planeof the wing and H is not zero. The funo-
tion H(y), establishedalqngthe wing trailingedgeat SCUMthe t,
remainsunalteredfor latertimesalonga curvethat sweepsdown-
streamwith the free-streamvelocityand has the formof the wing
tmdl.ingedge. The rest of the disous~ionis oonmxrnedwith,onlythe
effectsof leadingedges,that is,thoseoasesforwhloh H is zero.
The originof coordinatesfor the wing shownon figure4 is
.plaoedat tb” ~unotionof the supersonicand sfisonicleadlngedge.
The supersonicand stisonicleadingedgesare respectivelydef~d by
the equations
v = VI(U) or u = u.(v)
v = V2(U) or u = q(v) (23)
Equation(21b)with H set equalto zero,thenbemmes
r% VDdu f ‘a$bdv= fuDA P(u) ‘~u,)a*bdv
In the steady-statesolution, A and (~B-~)
of ~ (references9
to v may be eq~ted
PVD
r2 ‘D-v
(210)
are hdependent
and 11), so that the integrationswith respect
to give
p’#d
(24)
The reduotdonof equation(210)to give equation(24)for the
time-independenteaseshowsthat onlythosewing slopesalong
u = q oontr3btieto the upuashfm? pointson thfsMaoh line. In
the time-dependentease,both ~ and (~~~T) Contiti_lOnS
of q, and the validityof the reductionmay be questioned.If
.!
l
4
9
..— ———-— .--. —. -—- —— .. .-.. .— ... —- . . .._
. .. .. ..----
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in the t--dependent
were to contributeto
13
easeonlythosewing slopesalong u = ~
the umwash for Dointson thishoh line,
~ @ ((&@. wo~d bee= *pe&~ of Uf)
of equation(210)to equation(24)wotidagainbe
argumentto substantiatethis ohoioeis presentea
If u is replacedby ~ in equation(24),
delaysbecomeequaland are linear with respect
~D-v
Ta=Tb=— $C
Eaoh inlnttesimalwing elementthenproduoesat
and the r~uotion
justified.An
in appe~ B.
the two time
to v:
time t and place v.
an inorement in upwasii mrresponding-to the steady-stateffe;tof U
wing elementswhose slopesare the sameas the time-dependextelements
evalsatedat time t-Ta. The solutionof equation(24)is the sum
of a seriesof infinitesimalsteady-statesolutions.each of which
satisfiesAbelts
integrationonly
equation(referen&e11) and each o; whiohrequires
overthe wing slopesalong u = ~.
illustratethe argument,the inorementin A at
(f@. 6) due to a steady-statewing elemmt of
length dv at point (~,v) may be obtained
Abel~sequationIn the mannerof referenoe 11
d~ (~UT) 4v@
z=
2fi(vD-v)~~
(appendixB) fhom
as
(25)
.
mmtion (25)may be appliedin eitherthe time-dependentor the
time-~epetient oases.‘Forthe time-independent‘oases,the wing
slopesare evaluatedat ~,v. For the time-aependetisolutions, .
the wing slopesare evaluatedat (%,V) at *M t - ~. .
lhtegrationof equation(25)aorossthe wing gives
.----- ._. . . ..— _. .. . .. . _ _ -.
—.—. -—— -.—. . ... .. .. ..
14
~ 3,,(V2 R=)‘VD-Vo Ujv,t- —
~v2-v ‘v (26)
I VD-V
whe~ ‘B ~ ~ (~-oT)c That equation(26)is a solutionof equa-
tion (24)’1sshowninappendtxB.
Evaluationof velocity“potetiialon wIng surface.- ~uations (19)
and (26)now allowthe calculationsof the velocitypotentialon the
wing 6urfice. With ref?renceto figure7, the velocitypotentialat
the point (~,Vw) iS
For the”wing of figure7,
area ~ is
(27)
the integrationof ~ oWc the “
,
.
dudv
. .
-~. -- - .. .——-
(28)
If A from equation(26)is substitutedinto~ktion (28),there
results
,1
l
. .
(22a)
The Integration of A overthe flw field ~ oanbe replaotiby the lnte@?at~onor a
funotian over the wing area %,1. This replaoememt Ie aooanpliehed by
the order of Integration of v and vD. Muatlcm (26a) then beocmee
pqvw)
u1 =-—
4A
J0
interohemgirlg
-2”
Pw’JI+@ (Vw-V,j dvD
(v,+) A-V2) (%-m)
Uva(u) I
“i
I
Mtnticm (m)) IWPWW&I the ooxrtributianto the W&Of ~tentid of the UPU8@ over %
7thewlng tipnuloml beluldt orewritepurtsofeqmtion(%l. Iftheveloolty potaltial
from qua’tiau (27) is written in full for the wing of flgllre7, the followx remlta m
Obtaimm
(Vw)
r!
@
u [
v -v U@
~
~ U,v,t -L-—-
-“3% —
7ii5’K-a”
T
e“ (,)
.
0 q
r
(Tw).,
V&i
o
f+)
da
Cj
aw-u
VJU)
f%
-*J%O?W,T%.ivl,.,
-*J%,VJla,,(u)
[
or U,v,b,
VW-V *-U
-–-=-+$==+PO
rVW-Y
-.
“
. .
.’ .
i
/.
i
[ ‘u
q~w)
.JL
4?M rUw-u
o
(278) s
I
I
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.
Althoughequation (27a) looks rather formidable,thereare
.
admally onlytwo typesof t- Simplevariationsare obtained
by changingsignsfrommink to plus,by replacingbottax-surfhee
wing slopesby top-surfhoewing slopes,= by alterlngthe llmits
of integration.Simpllfloatlonsalso ommr in specificexamples,
althoughthe Idloated integrationsto obtainexplioitsolutions
are gemrally aimmt to perfm
If the wing slopesin the vieinltyof the wing tip vary con-
tinuouslywith eithertime or position,equation(27a)oanbe
appliedin its presentformwithoutalteringthe limltsof tntegra-
tim. The ~wations for the wing slopewouldbe Inser%l luto
xuation (27a)- the indioatedintegrationsoonduoted.Thistype
of oalmlationhas been Illustratedfor peridlo osolllationsof
flat-platewings h references27 and 28 when the bottuu-~ top-
wlng slopesare id3pdent. A less oomplioatedexample,In whloh
the angleof attaokof all wing elanentsof a flatplatevaries
llnea?lywtth time,illustratesthis type of oaloulatlo>
If the angleof attaokof all wing elementsis ohangedat a
uniformrate m for @l times,the wing slopeEImay be expressed
as
q=cb+?nt=-a~ (29)
where a IS the angleof attaokof the wing at time t = O.
Theseeffeotivewing sl~es ‘mayoorremond to a oonetantaooelera-
tion of ti in the-
Intoequation~2?a)
m
z direotion.Stistitutionof equtlon (29)
gives
Pvw
‘%=iRI an I av,
\
. .
.
t s
l
(m)
.
.- -. . ... —-
.-
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Integrationwith respeotto v prMuoes
J% q’ \
au
G
19
(30a)
e&geofthewlngis v=- kl%If the equationfor the leading
equation(30a)may be lntegrat~to obtain
The pressurecoefficientmay be aerivd fiotn
, -=-!(2++%)c=
2
(3;)
~uatim (2)as
(32)
Stistitutionof equation(31)into equation(32)resultsin the pres-
sureooeffioienta a fkmllyof wings in the regioninfluencedby
the stibsonlcleadlngedge.
.
.---- . .______._. ,... ._._. ___ . . ..
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(s)
where ~(v) is evaluatedat v = vw. (Althoughequation(33)w80
derivedfor the easeof mnstant aoceleratlonW In the z dlrea-
tion,the solutionmay be ocaibinedwith otherequationsto evaluate 2
the pressuredistributionsfor a varietyof wing motions. For
example,a wing rotatingwith mnstaxrtrate m aboutan axis of
pitohfixedwith respeotto the wing and lylngin the z = O plane *
wotidhavethe pressuredistributiongivenby equation(33)superposed
on the pressuredistributionassociatedwith unifom ratesof pitch
desoribedIn referenoe21.)
The steady-statesolutioninoludedin referenoe18 is obtained
fromegmtion (33)by setting m = O.,The solutionfcm the infinite
sweptwing Is obtainedby setting Vw = U2(VW)= O d @XWZWW
CP” The valuesof Cp obtainedalongthe‘llne Vw = O are then
constantalonglinesparallelto the leadlngedge. The loaddis-
~lbutions of a fkmilyof wing planbondarles may be evaluutedby
choosingthe desiredequation u = U2(v) for the wing-tipplan
bmdary.
The generalequation (27a) also inoludea solutlonsfor whloh
a finitenmiberof dismntinuitiesoan existin the wing slopeswib
respectto eitherpositionor time. The prooedureIs the sameas
in the easeof continuouswing slopes,exoeptthat the fields
.
e
*
,. ----- -..—.
.-$0
k
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/
of integrationwill be mibdividedin ammrdanoe with the requirement
of the dlsmntinuity. For example,in the problemof determining
gustloads,the effectivea@e of attaakof the wing will ahange
aisOOnttiuO~ alonga lineparallelto the y axis thatmoves
downdmam with the tree-streamvelooity. If the initialwing slope
is takenas zeroand the Incrementin wing slopedue to the d is
a, the slopesof the wing at the t - T (astime appms in equa-
tion (27a) are eitherzeroor a acmrding to the inequalities
The two-Wnensionalsolutionof this ~oblem is presentedin ref-
erenoe29. The three-dimensionalsolutionof this and atherlmandent
problemswithinthe scopeof qzation (27a) requiresfhrtherresearch.
FlightProptilsionResearchLaboratory,
I?ationalAdvisorYCommitteeforAeronautics,
Cleveland,Ohio,May 18, 1948.
t
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-EKDIX A
The’followingsynibolsare used In thisreport.
CP
P-PO
pressuremefflolent,-
+ p$
-velocityof sound
f funotion
Integrationfunotionof time (hereinmnsi~ared as
$onstaQt)
L tegrationfunotionof x-Ut and yH
I integral .
thsxlzero
IMniiber ,
1
of wfng angleof attack
constantgreater
free-streamMaoh
rate of inorease
staticpressure
M
m
32
r=
r’=.
s plan-forearea
msnipulatlcmvariables
t time
*I =
.
u-
.
l
.
free-streamvelooity,-takenpmallel to x axis
obliqueooordlnateswhoseaxes lieparallelto Maoh
linesinz=o plane
U,v
.
— . . —----___ _. . . .
. . .
. --
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w
X.Y, Z
X’,yl, z’
L%c
a
$
A
P
o
T
~
sllbsori@s:
o
1,2,3 . . .
)
a,b
B
D
T
w
z mmponent of perturbationvelocity, aq (takenas
z
positivein directionof an outwardlydrawnnormal
flwmplane of wing)
Cartesiancoordinates
tran8f_a Cartesiancoordinates(xl = x, y’ -6#y,
Cartesian coordinatesin
z’ .-z) “
x,y,z dlreotions,respectively
angleof attaok
cotagent of Mach angle,K.
l
effectiveslopesof streamlines(measuredin q = constant
planes)in z = O @ane betweenwing boundaryand
foremostI@iohline, A = E
u
density -
effectivewing-seotionslopesmeasuredin q = constant
planes(d= w/u)
t’imede-
perturbation-velooltypotential
free stream
nuuiberedareasor wing-plan-boundary
time delays Ta and Tb
bottom(ofwing)
upwashfield
top (ofwing)
wing
equathns
.
- .. — —’— . . . .--+— —.. ______ . .-— -. ___ —---— -.—— —-— ——.-—- .-. ..— _ . . ._ . ..
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Examples:
‘1
%?”
‘W(l + 2)
‘a*
q-
mrve v = VI(U) along
cmrve u = ~(v) along
wing areas1 plus 2
I?ACATN IO. 1699 ‘ 9
t
-.
supersonicleding edge
stibsomtcleading edge
derivativeof ourve ~(vw) with respeotto Vw
slopeat time t- Ta- pl~ ~~e d t- t -‘b
difference betweenbottom and top wing slopesat
- t- t - Ta plus thts differenceat t-
obliqueooordlnatesof point x,y on wing
l
.
t-rb
l
.
.-,
..-. . . . .T- ------ . .
. .
..
r
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APPENDIXB“
EV’’UATIOIVOF UPWASH
origin of Upw tal sourcesolution(equa-ash. - The fuudamen
*ion (8)) for the three-dimensionalvelocitypotentialof thin
wingsmuvingat supersonicspeds oanbe writtenas
- (Bl)
.
If this equation
the resultis
is partially differentiatedwith respeotto z,
(B2)
,.
If z is allowedto a
1%
Oaoh zero,the quantity *@z Will
approaohzerounless
3
approachesInfinity (thatis, rP ;
approacheszero). The fmhmdal solution(Bl)oan thenbe tiegrated
overa surfaoeof sourcesfn the z = O planeto obtainan extended
.
velocitypotential.Beoauseof the formof equation(B2),the z oom-
ponentof the pertwrbattonvelocitygeneratedby thispotentialwill
ariseonlyfra thoseswbelementsnear r = O. ~
On the wing,the flowmustbe tangentat eaohpointto a defined
surface. The qtiity aqyaz iS thereforeaet~ at eaoh100al
pointby the wing. U.er suohoi.roumstanoes and beoauseof the wing
restraint,onlythe ubeleunentsnear r”= O obtainedby assmuing
(x-g)=(Y-n)-(z- r)=0 contributeto ~/az. Ho suohrestraint
existsfor the upwashfield. If the sameoondftionis @osed to
evaluate a~z In the upwashfield~ of the z = O plane,the
trivialanswer a . a results.
az az
A fundamental Mstimtion exists between the evaluation of
aqaz on the surfaoeof the wing and in the upwashfield. The
wing surfaceis a restraintand oan generate@mary impulsesthat
leadto the velocitypotentialand henoeto the flowdistributions.
The upwashfieldis unrestrained,however,and oan transferfrom
the bottomto the top wing smfices onlythoseimpulsesthathave
alreadybeen generatedby the w*.
0
. . . .. .. . . —.....—— .—c
—-.. — ..— _
—-—— ——-— -=-. .— —.- .—. —-. — __________ .—— . ._
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The upwashmust arise,however,h ttisesdbel’-nts near
a
r = O. Beoausethe unrestrained@elements In the violnltyof the
~0 ~(~~ ) = (Y-q) = z = O ~ g~te mash, W~~
! musthe g~ted by thoses@elements In the vlolnlty
of the ourve (x- ~)2 - ~2(y-q)2 =.~2Z~”= O. This oonditionimplies
that onlythosewing Slope&=mg u =-~ genematethe upwashfor
pO=S ~ Us. Wh, =. * def”tiingeq~t%a fo? .> .shdd then
be restrictedby setting u.= ~, f=. eitherttme-independentor
t--a~ flows. Thisresql*,wasw-e? direotlyfromthe
Integraleqwdibn (210)for Mma-indepdent “oasea(referenoeU).
Dif&mtlal * uation for “A. - The tnorement dA at point
~,v= dW *O th8 W- 8h3M81XtS dV (~. 6) Of W* E310peS
has
(i)
where s is the ~pulatlon variableand is evaluatedat s = v=.
The Integratlbnof dv overan Infinitesimaldistanoereanlts
in the removalof one titegrationsign. Also, (g= - @ ~ be
~ia8r8a as oonstant. qwation (B3)‘thembeoomes
Lsal ‘B ‘*T~ dvDz=y~ (s - V=)(v=- V)V2
Replacementof the
tion (25) -
manipulationvariable s by
.
(B3a)
l
l
---——— -- . - .
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Mmnstratlon by substitutionthat Squati6n (26) satlsfles “
qation (24)when u = q. - H the integration-able v iiI
ohaq@ to S to weveaxt00nftlsiOn,equatdon(26)=S~8 the
followlngform:
Therefore
The firstmemberof equatiod(24)thenbeoomes
r;:=’~,(v:)(vD-v,~’’Q’k’s’t-~iE&
(B6)
Aooordlngto Integral195 of referenae30, however,
r‘D .
J tiv u S(v-s)q- !/-VZ
——. ——. . —.. —..- —.——-—. .. .
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Therefae
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l
r‘D .a,b.v= ~.,,,&j%.-~)d8
‘P=
Eguation(B7)is equation(24)for u= ~.
,.
.-
(B7)
I
l
.
l
.
.
---
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3.
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7.
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‘ Figure 1. - Field of integration for evaluatingvelocitypotential
- (equation (10)) of a soumee
+
u
In
.—>y or q
\ C’Ta
.
Figure 2. - Relation between time delays ~a andTb sd
position of wave front. .
-. . ..— - - -- -
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A
u
I g9n-. or u,v.
Xorg
Figure 3. - Comparison of Cartesian and oblique coordinate systems.
Iu
u
\
“\
Figure 4. - Fields of integrationfor evaluating upwash between
wing boundary and foremost Mach wave.
.
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9
%1
H= O
Figure 5. - Division of external field
Iu
SD for evaluation of Ho
.
\.
Figure 6. - Geometric signifioanoe of factors In equation (25).
.
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Figure 7. - Integration limits for equations (27) and (28).
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